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Abstract 

The radiation generated by a charged longitudinal oscillator moving with a constant 
drift velocity along the axis of a dielectric cylinder immersed in a homogeneous medium is 
investigated. For an arbitrary oscillation law a formula is derived for the spectral-angular 
distribution of this radiation. Under the Cherenkov condition for the dielectric permittivity 
of the external medium and oscillator drift velocity this formula contains two summands. 
The first one corresponds to the radiation with a continuous spectrum which propagates at 
the Cherenkov angle of the external medium. The second one describes the radiation which 
has a discrete spectrum for a given angle of propagation. The corresponding frequencies are 
multiples of the Doppler-shifted oscillation frequency. The results of numerical calculations 
for the angular distribution of the radiated quanta are presented and they are compared with 
the corresponding quantities for the radiation in a homogeneous medium. It is shown that 
the presence of the cylinder can increase essentially the radiation intensity. 



PACS number(s): 41.60.-m, 41.60.Bq 



1 Introduction 

The operation of a number of devices assigned to production of electromagnetic radiation is 
based on the radiation from periodically moving charged particles, in particular, longitudinal 
and transversal oscillators. Well-known examples are undulators, wigglers and free-electron 
lasers (see, for instance, Refs. [1, 2, 3, 4]). The extensive applications of such devices motivate 
the importance of investigations for various mechanisms of controlling the radiation parameters. 
From this point of view, it is of interest to investigate the influence of medium on the spectral 
and angular distributions of the radiation. The presence of matter alters the radiation field and 
can give rise to new types of radiation processes. This study is also important with respect to 
some astrophysical problems. 

Interfaces of media are widely used to control the radiation flow emitted by various systems. 
Well-known examples of such a kind are the Cherenkov radiation of a charge moving parallel to 
a plane interface of two media or flying parallel to the axis of a dielectric cylinder, transition 
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radiation, Smith-Purcell radiation. In Refs. [5] the radiation from a charged particle flying over 
a surface acoustic wave generated on a plane interface between two media is investigated. The 
corresponding radiation from electron bunches and coherence effects are considered in Ref. [6]. 
In a series of papers started in Refs. [7, 8] we have considered the most simple geometries of 
boundaries, namely, the boundaries with spherical and cylindrical symmetries. The radiation 
from a charge rotating around a dielectric ball enclosed by a homogeneous medium is investigated 
in Refs. [8, 9]. It has been shown that the interference between the synchrotron and Cherenkov 
radiations leads to interesting effects: if for the material of the ball and particle velocity the 
Cherenkov condition is satisfied, there are strong narrow peaks in the radiation intensity. At 
these peaks the radiated energy exceeds the corresponding quantity in the case of a homogeneous 
medium by some orders of magnitude. A similar problem for the case of the cylindrical symmetry 
has been considered in Refs. [7, 10, 11, 12, 13]. In Ref. [7] a recurrent scheme is developed 
for constructing the Green function of the electromagnetic field for a medium consisting of an 
arbitrary number of coaxial cylindrical layers. The investigation of the radiation from a charged 
particle circulating around or inside a dielectric cylinder immersed in a homogeneous medium, 
has shown that under the Cherenkov condition for the material of the cylinder and the velocity 
of the particle, there are narrow peaks in the angular distribution of the number of quanta 
emitted into the exterior space. For some values of the parameters the density of the number of 
quanta in these peaks exceeds the corresponding quantity for the radiation in vacuum by several 
orders. 

In the present paper, on the basis of the Green function obtained in Ref. [7], the radiation by 
a longitudinal oscillator with an arbitrary law of oscillations uniformly moving along the axis of a 
dielectric cylinder is studied. The radiation of charged oscillators in vacuum and inhomogeneous 
media was considered in a number of papers (see, e.g., [4], [14]-[18], and references therein) in 
connection with many possible applications (generation of radiation, detection of high-energy 
particles, etc.). In particular, the radiation from an oscillator with harmonic oscillations in the 
laboratory frame in an infinite periodic medium was studied in Refs. [14, 15]. The spectral- 
angular distribution of the radiation intensity of an oscillator moving over interface of two media 
was considered in Ref. [16]. The radiation by a longitudinal oscillator uniformly moving along 
the axis of a cylindrical waveguide is investigated in Refs. [18, 19]. The radiation properties 
in vacuum for the most general case of harmonic oscillations in a four dimensional form are 
described in Ref. [4]. The special case of a longitudinal oscillator with harmonic oscillations in 
the proper reference frame is considered in Ref. [17]. 

This paper is organized as follows. In next section the expressions for the vector-potential and 
electromagnetic fields are derived for an arbitrary law of oscillation by using the Green function. 
The angular-frequency distribution for the corresponding radiation intensity is investigated in 
Sec. 3. Two examples for the oscillatory motion corresponding to harmonic oscillations in the 
laboratory and proper reference frames are considered in Sec. 4. Section 5 concludes the main 
results of the paper. 



2 Oscillator fields 

Let a point charge q moves along the axis of a dielectric cylinder with permittivity Eq and radius 
pi. This system is immersed in a homogeneous medium with dielectric permittivity ei. We 
consider the case when the charged particle executes longitudinal oscillations with a drift of the 
constant velocity vq: 

z = vot + f{t), x = y = 0, (1) 

where the Cartesian axis z coincides with the cylinder axis, and f{t) is an arbitrary periodic 
function with the period T = 2Tr/iOQ. In a properly chosen cylindrical coordinate system (p, cp, z) 
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the spatial part of the four-vector of the current density created by this charge is written as 

q 

ji = -vo6{p)6{(l))6{z - vot - f{t))diz, I = p,(p, z. (2) 

The corresponding solution of the Maxwell equations for the four-vector potential is expressed 
in terms of the Green function Gii{r,t,r' ,t') of the electromagnetic field, which is a second-rank 
tensor: 

Ai{r,t) = J Gu{r,t,r',t')ji{r',t)dr'dt', l = t,p,cl),z. (3) 

Taking into account the cylindrical symmetry of the problem under consideration, it is convenient 
to present the Green function as a Fourier expansion 

/"OO 

Gii{r,t,r't') = ^ / dkzdLoGii{m,kz,u;, p, p')e:>qi[irn{(p — (p') + ikz{z — z') — iLo{t — t')]. (4) 

For a dielectric cylinder with permittivity Eq immersed in a homogeneous medium with permit- 
tivity £i, the Fourier transform of the Green function entering in Eq. (4) is given in Ref. [7]. 
When p' < pi, the function Gii{m, kz^LO, p, p') depends on p' via the Bessel function Jm(Aop')- 
For brevity, here and below we use the notation 

^' = ^^i-^'' ^ = 0,1. (5) 

Due to the presence of the function S{p') in expression (2) for the current density, only the term 
with m = gives the nonzero contribution to the vector-potential in Eq. (3). As a result, the 
field does not depend on the angle 4>. This is a simple consequence of the azimuthal symmetry 
for the problem under consideration. Thus, in this paper it is sufficient to have expressions 
for Giz{m = 0, kz,uj, p, p' = 0) = Giz{kz,uj, p) . In the Lorentz gauge these expressions are 
immediately derived from the general formulas of Ref. [7] and have the form 

n. \ ■ - £o/£i)kzHo{\ipi) , \u r\ \ / x 

G,z{kzU,p) = -^ ^^;,^^^(j^^ff^)^(^^^ff^/ l(A0P<)ffl(AlP>), P< = ^^{P,Pl), 

G^z{kz,^,p) = 0, (6) 
n (h \ ^ j W{Jo,Hq)Hq{\op)-W{Ho,Ho)Jq{\op), p < pi, 

where Hm{x) = (x) is the Hankel function of the first kind. In these formulas the following 
notations are used: 

W{a,b) = a(AoPi) — ^ b{\ipi) — , (7) 

opi opi 

W,{Jo,Ho) = Jo(AoPi)Hi(Aipi) - ^Ji(Ao/9i)i?o(Aipi). 

In the definition of Ai from Eq. (5) one should take into account that in the presence of the 
imaginary part e'liuj) for the dielectric permittivity (ei = e[ + ie'() the radiation field in the 
exterior medium must damp exponentially for large p. This leads to the following relations: 



2iW{Jo,Ho) 1 2iHo{Xip)/Trpi, P > Pi, 



J {uj/c) y/ei - klc^/u j"^, ij^Exjc^ > kl, , . 

Note that for A? > the sign of Ai may be also determined from the principle of radiation 
(different signs of Lot and Aip in expressions for the fields) for large p. 
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Substituting Eq. (2) into formula (3), the following expressions are obtained for the compo- 
nents of the vector-potential: 

OO /'OO ( 

Ai{p,z,t) = / dkzexp[i{zkz - Ldn{kz)t)]Giz{h,u;nikz),p)gnikz) ^ , (9) 

where 

i^n{kz) = nuQ + kzVo, (10) 
and gn{kz) is the Fourier transform of the function e**^^-^^: 

+00 1 (■T/2 

e^'^^^*) = V 5n(fc.)e*'^-°*, gn{k,) = - / e^^^^/W-^-ot^i. (H) 

Prom the reality of the function f{t) it follows that g-n{—kz) = gnikz)- Fields inside and outside 
the waveguide are derived by making use of the corresponding expressions (6) for the components 
of the reduced Green function. Below we will consider the fields in the region p > p\. Taking 
into account expressions (6) and formula (9), for the vector-potential in this region one obtains 

Ai{p,z,t)= ^ / dkzeyiv[i{kzZ-Un{kz)t)\Ani{kz,p), l = p,z,(f), (12) 

„_ , J—oo 



where the coefficients A^i are determined by the relations 

iq{l-eo/ei)u}n{kz)Ho{\ipi)Ji{Xopij xrr/, 
^np = ^ ^xr f T — Tj t — TTYdnK^zjiilKMP), 



. _ Q ^n{kz)gn{kz) . , . 

^nz — , TJ//- T — fFT-^OV'^lPj! (l-aj 

TTCpi kzW{jQ,HQ) 

Aruf) = 0, 

and in the definitions of Aj one has to substitute to = LOnikz)- From the Lorentz gauge condition, 
by using the symmetry of the problem under consideration, we obtain for the scalar potential: 

IdipAr, 



<Pnikz,P) 



(14) 



p dp J iun{kz)ei' 

As is seen from formula (12), analogous expressions may also be written for the electric and mag- 
netic fields. Having expressions for the Fourier coefficients of the vector- and scalar-potentials, 
one can derive the corresponding expressions for these fields: 

„ qgnjkz) jj 1^ X „ iqXignjkz) ^ „ ^ f-.^. 

Hn(t> = ^ ? w^"t zj ^np = Hnz = 0. (16) 

As follows from these formulas, E„ • H„ = 0, i.e., the Fourier components of the electric and 
magnetic fields are perpendicular, and one can write 

E„ = [bH„], b = ^^(Ai,0,A;,). (17) 

As functions of kz the Fourier coefficients for the fields determined by relations (15), (16) have 
poles corresponding to the zeros of the function Ws{Jo,Ho). It can be seen that this function 
has zeros only for Af < < Aq- As a necessary condition for this one has ei < eo- Note that for 
the corresponding modes the coefficients (15), (16) are proportional to the MacDonald function 
Kmi\Xi\p), m = 0, 1, and they are exponentially damped with the distance from the cylinder 
axis. These modes are precisely the eigenmodes of the dielectric cylinder and propagate inside 
the dielectric cylinder. Below, in the consideration of the intensity for the radiation to the 
exterior medium, we will disregard the contribution of the poles corresponding to these modes. 
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3 Spectral-angular distribution of the radiation intensity 



The average energy flux per unit time through the cyhndrical surface of radius p coaxial with 
the dielectric cyhnder is given by the Poynting vector S as 



I=— dt iSn,)pdz, S=— [EH], T = —, (18) 
Jo J-oo 47r Uq 

where is the unit vector of the cyhndrical surface. By making use of formulas (12), (15), and 
(16), we obtain 



/ = V r dfc /^""(^-)l^-(^-)l^ i^o(A,p)gr(Atp). (19) 

Using the fact that the replacement n —n, —>■ —kz leads to iOn{kz) —Unikz), \i — >■ — A| 
and \g-n{—kz)\^ = \gn{kz)^ ^ expression (19) can be written in the explicitly real form 

^ = S £7°° tiii 'f;^^;^'' im[A,go(Aip)ffr(AtP)], (20) 

where the prime over the sum means that the term with n = must be taken with the weight 
1/2. Now by using Eq.(8) and the Wronskian for the Bessel functions, it can be easily seen that 

M\,Ho{Xip)Hl{Xlp) = I I > (21) 

Hence, for the energy flux one obtains 

V V^/ f u;n{kz) \9n{kz)f 



y dkz ^ . (22) 

As we could expect in the absence of absorption this flux does not depend on the distance p 
from the cylinder axis. 

We first discuss the case loq = 0, which corresponds to the uniform motion of the charge 
along the axis of a dielectric cylinder. Then, according to Eqs. (5) and (10), u)n{kz) and Aj do 
not depend on n, and the series in Eq. (20) is easily summarized by the standard formula for 
the Fourier transformation: 



+00 „T/2 2 

E \9n{kz)? = 7f; / e^''^^'^ dt = l. (23) 



For a;o = one has = fc^(/3| — 1), where Pj = vo^yej/c, j = 0, 1, and flux (22) is nonzero 
if the Cherenkov condition for the external medium is fulfilled, /3i > 1. Passing to integration 
over u = kzVo, we obtain 

/ = 1^ f dio i ^, uo = 0. (24) 

It is easy to show that this expression coincides with the formula presented, for example, in 
Ref. [21] for the radiation of a charge moving parallel to the axis of a cylindrical channel in a 
dielectric. Introducing the angle ■!? of the wave vector with the cylinder axis, from the relation 
LO = kzVo we obtain cost? = i.e., the radiation described by Eq. (24) propagates under 
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the Cherenkov angle of the external medium. When Eq = ei, from Eq. (24) we obtain the 
well-known formula for the intensity of the Cherenkov radiation in a homogeneous medium. 

Now consider the general case, when lvq ^ 0. First we analyze the term with n = in 
formula (22). Analogously to deriving of Eq. (24), it is easy to show that the corresponding 
contribution to the radiation intensity is determined by the formula 



4:0^ vq f ^ |go(^/^o)|^ 



This radiation propagates under the Cherenkov angle of the external medium and its intensity 
differs from the intensity of the uniformly moving charge, given by Eq. (24), by the presence of 
the frequency-dependent additional weight factor \gQ{u) / vq)\^ . 

Now we proceed to the terms with n 7^ in formula (22). From the condition Af > we 
have the following quadratic inequality with respect to kz'- 

kl{l-P^') + 2kz^ + ^>0. (26) 

Let the Cherenkov condition be not fulfilled initially for the drift velocity of the charge: /3i < 1. 
In this case we obtain from this inequality: 



It is convenient to introduce a new variable 1? according to 

. (28) 
c 1 — Pi cos 

where from relation (27) it follows that G (0,7r). Then from expression (10) we have 

iOnikz) = , 7° ^ ' n = l,2... (29) 
1 — Pi cos v 

Note that in accordance with Eqs. (28) and (29) the quantities kz and 0^,1(^2) are connected by 
the relation kz = LOnikz)\^ cos -d/c. 

Now consider the case /3i > 1, when the solution of inequality (26) has the following form: 



kz G -C!0, — ,^ ^, U ,^ -.x ;00 • (30) 

Introducing again the variable 1!} according to expression (28), we ensure that 'd € (0, i?o)U(i?0) "")) 
where i?o = arccos(/327 ) is the corresponding Cherenkov angle for the drift velocity. Relations 
between the variables kz, iOn{kz), and i} now are the same as for /3i < 1. At large distances from 
the charge trajectory the dependence of elementary waves on the space time coordinates has the 
form exp[un{kz)^/£l{psm'& + z cos'd — ct/-s/£i)/c], which describes the wave with the frequency 

propagating at the angle to the z-axis. Formula (10) describes the normal Doppler effect in 
the cases (3i < I and /3i > 1, -i? > i?o and anomalous Doppler effect in the case /3i > 1, "i? < ■i?o- 
By making use of the formulas given above, the expressions for the Xj can be written as 

nojQ Veo - ^1 cos2 1} nuo ^/e^sm^') 

c 1 — pi cos V c 1 — pi cos V 
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Taking into account these remarks and passing from integration over to integration over t?, 
we obtain the following expression for the radiation intensity: 

_ /" ^ - ^^^'^ \9n{nu)f 

Wo dn"''^ dn ^3p2el/'miJo,Ho)\'\l-P,cos^\cos^^' ^''^ 

where dn = sin 'dd'Odcp is the element of solid angle and the notation 

uq -y/ei cos 1? 



c 1 — Pi cos ■!? 



(34) 



is introduced. To obtain the radiation intensity at the angle = 7r/2, note that for n / and 
kz ^ from formula (11) one has 



1 

gnih) ~ ikjn, fn=7f f {t)e-''"^'' dt , (35) 



with being the Fourier transform of the function f{t). Now from Eqs. (33) and (34) one finds 

By taking into account Eqs. (28), (29), and (32), from formula (17) one obtains the following 
relation between the electric and magnetic fields for the radiation at nth harmonic: 

E„ = ^ [H„n] , (37) 



where n = (sint?, 0, cos ■!?) is the unit vector in the propagation direction. Hence, the radiation 
is linearly polarized and the polarization plane goes through the vectors n and vq. 

The total intensity of the radiation for the longitudinal oscillator moving with a constant 
drift velocity along the axis of a dielectric cylinder can be written as the sum 

I = ln=0 + In^O , (38) 

where the first term on the right is given by formula (25) and describes the radiation with 
a continuous spectrum propagating at the Cherenkov angle of the external medium, if the 
condition /3i > 1 is fulfilled (for (3i < 1 this term is absent). The second term describes the 
radiation, which for a given angle ■& has a discrete spectrum determined by formula (31). With 
allowance for the dispersion of the dielectric permittivity, this term does not contribute to the 
radiation at the Cherenkov angle. This is connected with the fact that for a given n > the 
frequency defined by Eq. (31), tends to infinity as i3 approaches 7?o ^-nd hence beginning from 
a certain frequency the Cherenkov condition ceases to be fulfilled. The angles for which the 
dispersion should be taken into account, are determined implicitly from the condition cOn > i^d 
by using formula (31) and frequency dependence of the permittivity £i = £i{ujn), where uj^ is 
the characteristic frequency of the dispersion. 

Substituting ei = £o, from the formulas given above we obtain the corresponding expressions 
for an oscillator moving in a homogeneous medium. In particular, by taking into account the 
formula 

/ ^ s 2ic(l — f3i COS'S?) 

We{Jo,Ho) = ^ ■ i , so = 81, 39 

TTpinuiQ^Ei smv 

from Eq. (33) for the corresponding radiation intensity one obtains 

7-(o) _ / ^^"^^ - g^"-^^o tan^ i9\gn(nu)f 

' dn -27rcV^ |l-Acos^|3 ' ^ ^ 
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Let us consider the radiation intensity given by Eq. (33) for large values of the harmonic 
n. The behaviour of the function ^„(nn) for large n can be estimated by using the stationary 
phase method. To do this we note that this function has the form 



1 /"^/^ 

9n{nu) = - / e*"^Wdt, S{t) = uf{t) - uot . (41) 

^ J -T/2 



The asymptotic behaviour of the integral for large values n, n — oo, is essentially different in 

dependence wether the function S{t) has a stationary point, being the solution of the equation 
S'{t) = 0. By using expression (34) for u, this equation can be written in terms of the particle 
velocity v{t) as 

'"^'^^ ^cosi? = l, v{t)=vo + f'{t). (42) 



c 

It follows from here that, if for the particle velocity v{t) the Cherenkov condition is not fulfilled, 
the subintegrand in Eq. (41) has no stationary points and for fit) G C°° the integral is expo- 
nentially suppressed for large values of the harmonic number n. When the Cherenkov condition 
is fulfilled the main term of the asymptotic expansion of integral in Eq. (41) is determined by 
the contribution of the stationary point and in accordance with the standard formula in the 
stationary phase method, one has gn{nu) oc Xj \fn, n — > oo. In this case in the absence of the 
dispersion the radiation intensity linearly increases with increasing n and in addition to the ra- 
diation from an oscillating charge one has also the Cherenkov radiation. To identify the angular 
regions where the Cherenkov radiation propagates, let us denote by Vj^ and V- maximal and 
minimal values of the function v{i) and 

/3± = t-i^eT/c- (43) 
The angular regions where the Cherenkov radiation propagates are as follows: 

< t?+ = arccos for - 1 < (3- < 1 < (3+ 

= arccos — for /3_ > 1 (44) 

^ > for /3_ < -1, (3+ < 1 

U 1? > for /?+ > 1, ^_ < -1. 

In the first two cases the Cherenkov radiation propagates in the inward direction to the z-axis. 
In the last two cases the Cherenkov radiation in the region > propagates in the backward 
direction. As we have mentioned, the radiation intensity in regions (44) linearly increases with 
increasing n. However, note that large values n correspond to large frequencies for which the 
dispersion becomes important. Hence, for the radiation in regions (44) the value of the harmonic 
n for which the radiation intensity has a maximum is determined by the dispersion through the 
conditions /?+ > 1 or > 1|. Here the situation is similar to the case of the ordinary Cherenkov 
radiation. 

By taking into account formula (40) for the radiation in a homogeneous medium with per- 
mittivity £1, expression (33) for the radiation intensity at nth harmonic in the presence of a 
dielectric cylinder may be written in the following form 

dl 

where the inhomogeneity factor is given by the formula 

^„(.).i^!j]™^. (46) 
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Consider the dependence of this factor on the cyhnder radius in the hmit |Aj|pi 3> 1, when 
the wavelength for the radiation is much less than the cylinder radius. Using the asymptotic 
expressions for the cylindrical functions for large values of the argument and taking into account 
formulas (32), for the inhomogeneity factor we get 



— COS^ 1? 



sin'!? 



1 + 



£q sin^ I? 



el {eo /ei — cos^ 



+ 1 



el sin^ 'd 



el{eo/ei — cos^ i?) 



sin(2|Ao|pi) 



for cos^'i? < eo/ei (Aq > 0) and 



4ycos2'!? — £o/^l 

( 

sin'!? 



-2|Ao|pi 



1 + 



Cq sin^ 



(cos^ ?? — eo/ei)_ 



-1 



(47) 



(48) 



for cos^'!? > eo/ei (Ag < 0). As we see, in the second case the intensity exponentially decreases 
with increasing pi. This is caused by the fact that for £o/£i < 1 the angle arccos ^£q/£i 
corresponds to the angle of total internal reflection, and in the limit of the geometric optics the 
beams incident from inside on the cylinder surface cannot propagate at the angles cos^ i? < £o/£i 
in the external medium. 

In the opposite limit, when the wavelength for the radiation is much larger than the cylinder 
radius | Aj|pi <C 1, using the asymptotic expressions for cylindric functions, it is easy to show that 
from Eq. (33) one can immediately derive the radiation intensity in a homogeneous medium 
with the permittivity £i (formula (40)), i.e., F„(t?) — > 1. For fixed values of ej and vq the 
inhomogeneity factor F„ is a function on nuopi/c and i?: 



F„ = F 



\ c 



(49) 



In Fig. 1 we have plotted this function for the charge drift velocity vq = 0.9c in two different 
cases: £o = 3, ei = 1 (left figure) and eo = 1; £i = 3 (right figure). As we see, in the first case 
the presence of cylinder can essentially increase the radiation intensity. In the left graph it is 
clearly seen the exponential suppression of the inhomogeneity factor with increasing nuiQpi/c for 
angles •& < arccos yio/ii 0.96. 



4 Examples of the oscillatory motion 

In this section we will consider two examples of the oscillation law, corresponding to the harmonic 
oscillations in the laboratory and proper reference frames. 



4.1 Hcirmonic oscillation in the laboratory frame 

First of all let us consider the case when the charged particle oscillates as an harmonic oscillator 
in the laboratory frame with the amplitude zq: 

f{t) = zosm{uot). (50) 

From formula (11) it can be easily seen that for this type of motion one has 

Qnikz) = Jn{kzZo)- (51) 

Hence, in this case the radiation intensity is given by formulas (25) and (33) with the function 

gn{kz) given by Eq. (51). In particular, for -i? = 7r/2 the radiation intensity is nonzero only 
at the fundamental harmonic n = 1. Due to the well-known properties of the Bessel function 
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0.1 







Figure 1: The inhomogeneity factor Z = Fn as a function on X = nujQpi/c and Y = •& for 
vq = 0.9c. Left figure corresponds to the values Eq = 3, ei = 1 and right figure corresponds to 
£q = 1, ei = 3. 



Jn {nz) , the behavior of the radiation intensity as a function of n depends essentially on the sign 
of the quantity 1 — {uzq)'^. By using formula (34), this quantity can be presented in the form 

1 — /?_ cos '& 

l-w^ = - --2(1 -/?+ cost?), w = uzo, (52) 

(1 — pi cos w)^ 

where we use notation (43) with 

v± = vo±uJoZo. (53) 

If the Cherenkov condition for the maximum velocity of the charge is not fulfilled, /?_|_ < 1, one 
has w < 1. By using Debye's asymptotic expansion for the function Jn{nw), it can be seen that 
for large values of the harmonic n the radiation intensity behaves as 




X 



Vl - w^. (54) 



It follows from here that for a; ~ 1 the spectral distribution has maximum at 

n ~ n^ax = (1 - w^)-'/\ (55) 

and is exponentially suppressed for larger harmonics. 

For /?+ > 1 regions for values of the angle exist for which w > 1. In these regions in 
addition to the radiation from an oscillating charge, one has also the Cherenkov radiation. The 
angular regions where the Cherenkov radiation propagates are determined by formulas (44). 
As follows from the formula for the radiation intensity in combination with Eq. (51), for a 
given harmonic n the corresponding intensity vanishes at angles determined from the equation 
\uzo\ = jn,i/n, I = 1,2, where jn^i are the positive zeros of the Bessel function: Jn{jn,i) = 0. 
If the Cherenkov condition in the external medium for the maximum velocity of the charge 
vq -\- ijOqZq is not fulfilled, then \uzq\ < 1, and as follows from the relation jn^i > n for the zeros 
of the Bessel function, this equation has no solutions. If the Cherenkov condition is fulfilled, 
then the radiation intensity at a given harmonic n vanishes at the angles "i? determined from the 
formula 

COS'dn,l = ^=7 — T 7—^- (56) 
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These angles do not depend on the dielectric permittivity of the cylinder and, hence, are the 
same for the radiation in the presence of the cylinder and in a homogeneous medium. 

Consider now formula (40) for the radiation intensity in a homogeneous medium with the 
function gnikz) from (51). First we analyze the case when the Cherenkov condition is not fulfilled 
for the maximal velocity of the charge, < 1, when |nzo| < 1- If we neglect the dispersion, 
then in Eq. (40) the series over n is summarized by means of the standard formula [22] 

n=l ^ ' 

Then from Eq. (40) for the angular distribution of the radiation intensity we obtain 

d/W _ q^Jl tan^T^siuT? v?{v? + ^ 

~W~ 16c^|l-/3icosi?|='(l-«;2)7/2- ( ) 

For £1 = 1 this formula can be obtained from the general formula for the radiation of a four- 
dimensional harmonic oscillator presented, for instance, in Refs. [3, 4]. For /3+ > 1, a range of 
values of '& exists, where \uzq\ > 1 (see Eqs. (44)), and in the absence of dispersion the series 
over n in Eq. (40) diverges. Thus, in this case, in order to obtain a finite result for the radiation 
intensity, the consideration of the dispersion is necessary. In the limit of low velocities of the 
oscillatory motion (i^o-^o ^ c) the radiation intensity for a given harmonic at angles different 
from the Cherenkov one tends to zero as (wq-Zo/c)^" for both homogeneous and inhomogeneous 
cases. 




Figure 2: Number of emitted quanta per solid angle, Z = {hcy/ei/ q^){2TT / ujQ)dNn/ dO., as a 
function on X = uJQZQ^/el/c and Y = -d iov VQ^fixjc = 0.9, n = 3ina homogeneous medium, 
£o = £i (left figure) and in presence of a cylinder with eo/ei = 3, p\ = zq (right figure). 

We have performed numerical calculation for the angular distribution of the density of num- 
ber of quanta 

dNn _ _i_dln ^gg^ 
dfi tkJn dQ 

for several values of the harmonic number n. Figures 2 and 3 show the results of these calculations 
for the oscillator radiation in a homogeneous medium and in presence of a cylinder with dielectric 
permittivity eo/^i = 3. As is seen from these figures the presence of the cylinder can essentially 
increase the radiation intensity. 
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0.2 0.4 0.6 0. 



Figure 3: The same quantity as in Fig. 2 as a function on uj^z^^^Jexj c for t9 = 0.2, vq^/ei/c = 0.9, 
n = 3, £0/^1 = 3, pi = zq. The graph in the right-up corner corresponds to the same quantity 
for the oscillator radiation in a homogeneous medium {eq = ei). 



4.2 Hcirmonic oscillation in the proper reference frame 

In this subsection we consider the radiation from a charge that executes harmonic oscillations 
in the reference frame which moves at the constant velocity vq. In the comoving coordinate 
system, the coordinates of the particle are given by 



/ = a'sin(a;oO, x' = y' = {). 



(60) 



The radiation generated by this kind of oscillator in the vacuum (the case Eq = £1 = 1) has 
been studied in Ref. [17] (see also Ref. [4]). In the laboratory reference frame the motion of the 
oscillator is described by formula (1), where the function f{t) is defined in the parametric form 
as 



f{t) = aVl sin(u;ot')> * 



t H K-sm{ojQt 



(61) 



This function is periodic with the period T = 27r/a;o, where ujq is related to the proper frequency 
uj'q by the standard formula ujq = uj'q\J 1 — f)"^ . For the function defined by Eq. (61) one has 
f{—t) = —f{t), and the function gn{kz) is real. Substituting into Eq. (11) expressions (61) and 
performing to the new integration variable x = uj^t', one finds 



9n{kz 



TT Jo 



1 + ^ cos x) cos{nB sin x — nx)dx , 



where 



n 



(62) 



(63) 



Note that using formula (28), the expression for the coefficient B can be presented in the form 

Wqo' £1 cos 1} — Pi 



B = 

c^fel 1 — Pi cos 1) 

The integral in Eq. (62) can be evaluated by using the standard formula from Ref. [22]: 

(l-/32)eicost? 



9n{kz) = Jn{nB)- 



£1 cos — P\ 



(64) 



(65) 
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Substituting this into general formula (33) , for the angular distribution of the radiation intensity 
at nth harmonic one finds 



din ^ Iq^c^x iX-^'fJlinB) 

d^ TT^pj |W£(Jo,i?o)P|l-/3icosi?|(£icosi?-/3i)2 ■ ^ ^ 

By taking into account formula (39), for the radiation intensity of an oscillator moving in a 
homogeneous medium with dielectric permittivity £i , one obtains 

_ q^ef' n^uiil - P^f sin^ ^Jl{nB) ^^^^ 



dn 2ttc |l-/3icosi?|3(eicost?-/9; 



^2' 



1) 

For £1 = 1 this expression coincides with the formula derived in Ref. [17]. 

As in the previous example, the behavior of the radiation intensity (66) is essentially different 
for the cases B < 1 and B > 1. Note that from the expression for B it follows that 

1-B'= \- (1 - cos ^) (1 - ^+ cos ^) , (68) 

(1 — pi cosw)^ 

where P± are defined by Eq. (43) with 

^± = T~Z TTT^ • (69) 

1 ± VoLOqU'/C' 

If for the maximal velocity of the charge, v+, the Cherenkov condition is not satisfied, /3+ < 1, 
from (68) one has B < 1 and the radiation intensity behaves as in Eq. (54) with the replacement 
w B. In this case in the corresponding formula for the radiation in a homogeneous medium, 
given by Eq. (67), the series over n can be summarized with the help of formula (57) assuming 
that the dispersion is absent: 

dn ^ dn 327rc \ c J |1-/3icost9|5 (i _ ^2)7/2 ' ^ 

where 1 — B^ is given by Eq. (68) . For /3_|- > 1 regions for i} exist with B > 1. In these regions in 
addition to the radiation from an oscillating charge one has also the Cherenkov radiation. These 
regions are determined by relations (44). In Fig. 4 we have plotted the number of emitted 
quanta (59) as a function on loqu'/c and '& for vq = 0.9c, n = 3 in vacuum (left figure) and in 
presence of a cylinder with dielectric permittivity Eq = 3 (right figure). In Fig. 5 the number 
of radiated quanta is presented as a function on loqu' /c for -& = 0.2. The values for the other 
parameters are the same as in Fig. 4. As we see from the presented examples the presence of 
the dielectric cylinder can lead to the essential enhancement of the radiation intensity. 



5 Conclusion 

In the present paper we have considered the influence of a dielectric cylinder on the electromag- 
netic radiation from a longitudinal oscillator with uniform drift along the axis of the cylinder. 

By using the Green function, for the general case of the oscillation law we have derived formulas 
for the electromagnetic fields, Eqs. (15), (16), and for the angular- frequency distribution of the 
radiation intensity. The latter is a sum of two terms (see Eq. (38)). The first one, given by 
formula (25), is present when the Cherenkov condition for dielectric permittivity of the exterior 
medium and drift velocity is satisfied, /3i > 1, and describes the radiation propagating under the 
Cherenkov angle of the external medium. The corresponding intensity differs from the radiation 
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0.40-5 



Figure 4: Number of emitted quanta per solid angle, Z = {hc/q'^){27r/ujQ)dNn/dQ,, as a function 
on X = ujqq' /c and Y = -d ioi vq = 0.9c, n = 3 in vacuum eo = ei = 1 (left figure) and in 
presence of a cylinder with eg = 3, pi = a' (right figure). 




Figure 5: The same quantity as in Fig. 4 as a function on uo'^o! jc for •& = 0.2, vq = 0.9c, n = 3, 
£0 = 3, /3i = a'. The graph in the left-up corner corresponds to the same quantity for the 
oscillator radiation in vacuum {eq = ei = 1). 
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intensity of a charge uniformly moving along the axis of a dielectric cylinder by presence of the 
frequency-dependent factor \gQ{uj/vo)\'^, where the function gn{x) is determined by the oscilla- 
tion law and is defined by formula (11). The second term in the total radiation intensity (38) is 
given by formula (33) and describes the radiation, which for a given propagation direction has 
a discrete spectrum determined by formula (31). If the Cherenkov conditions for the maximal 
and minimal velocities of the charge and dielectric permittivity of the exterior medium are not 
satisfied, \(5±\ < 1, the Cherenkov radiation is absent and for large values of the harmonic n 
the radiation intensity is exponentially suppressed. The corresponding behaviour is essentially 
different when > 1 or > 1. In these cases there are angular regions, defined by relations 
(44), there in addition to the radiation from an oscillating charge one has also the Cherenkov 
radiation. In these regions, for large values of the harmonic number the radiation intensity 
linearly increases with increasing n. However, large values n correspond to large frequencies 
for which the dispersion becomes important. The values of harmonic n with the maximal radi- 
ated intensity are determined by the specific dispersion law for the dielectric permittivity of the 
exterior medium. In presence of a cylinder the radiation intensity at a given harmonic differs 
from the corresponding intensity in a homogeneous medium by the inhomogeneity factor Fn{'d), 
defined by formula (46). Our calculations for specific values of the parameters have shown that 
this factor can essentially exceed the unity. An example is presented in Fig. 1. This provides a 
possibility for the essential enhancement of the radiation intensity caused by the presence of a 
dielectric cylinder. In Sec. 4 we have specified the general formula of the radiation intensity for 
two examples of the oscillation function. The first one, described in subsection 4.1, corresponds 
to a charged particle oscillating as a harmonic oscillator in the laboratory reference frame. The 
second example, considered in subsection 4.2, corresponds to a charge that executes harmonic 
oscillations in the reference frame which moves at a constant velocity. The corresponding func- 
tions gn{kz) are determined by formulas (51) and (62). Our numerical calculations for specific 
examples have shown that in both these cases the presence of a dielectric cylinder can essentially 
increase the radiation intensity to compared with the radiation in a homogeneous medium. Note 
that the results obtained in this paper are valid also in the case when the oscillator moves inside 
a hole along the axis of a dielectric cylinder assuming that the radius of the hole is much less 
than the radiated wavelength. 
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